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Abstract
A molecular dynamics simulation code using a second-order symplectic integral method is presented. This code is
applied to ESR experiments of 1D crystalline beam, and the simulations reproduce the sudden reduction of the
momentum spread. Some conditions for obtaining 1D crystalline state are discussed.
r 2004 Elsevier B.V. All rights reserved.
PACS: 29.27.a; 41.75.i
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1. Introduction
When an ion beam in a synchrotron is extremely
cooled, the ions are aligned on one-, two-, or threedimensional lattice, according to the balance of the
repelling Coulomb force. The experimental possibilities of heavy ion storage ring projects such as
MUSES [1] can be enhanced if this ordered state is
achieved. In order to design an ion ring optimized
for these experiments, a simulation code was
developed, which is described in Section 2. In
Section 3, the code is applied to the ESR
experiments [2,3]. Some conditions necessary to

achieve 1D crystalline state are discussed in
Section 4.

2. Symplectic MD simulation code
The Hamiltonian of our molecular dynamics
(MD) simulation code is [5]
H ¼ H0 þ Hsc
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Hsc ¼

N
rion X
½ðx  xi Þ2 þ ðy  yi Þ2
g20 b20 i¼1

þ g20 ðz  zi Þ2 1=2

ð1Þ

where r ¼ ðx; y; zÞ; p ¼ ðpx ; py ; pz ¼ Dp=pÞ; rðsÞ; g0 ;
b0 ; KðsÞ; and rion are the coordinate, canonical
momentum, curvature radius, relativistic factor,
normalized velocity, quadrupole ﬁeld strength,
and classical radius of ion, respectively.
A transfer map M from a function on s2 to a
function on s1 is approximated as
 Z s2

0
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M  T exp 
ds : Hðs Þ :
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where :: is the Lie operator [6] ð: f : g ¼ @r f @p g 
@p f @r gÞ; and T is the ‘‘time-ordering’’ symbol.
Since the H0 corresponds to the linear motion,
expð : H0 : Ds Þ can be written with a linear
transfer matrix. Since Hsc does not contain the
canonical momentum, expð : Hsc : DsÞðr; pÞ ¼
ðr; p  @r Hsc DsÞ: Hence, the last expression of
Eq. (2) is solved exactly. Higher order symplectic
integrators can also be obtained by slightly
modifying Eq. (2) [7].
In order to reduce the calculation time of the
space–charge interaction ðpN 2 Þ; a periodic
boundary condition for longitudinal direction is
used [8]. When ions of charge q ¼ Ze are put at
position ðs; rÞ ¼ ð0; 0Þ; ð7L; 0Þ; ð72L; 0Þ; y; the
electro-static potential in the region jsjoL=2 is
Usc ðs; rÞ ¼

1
q
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
4pe0
s þ r2
!
Z N
2q
J0 ðkr=LÞ coshðks=LÞ  1
dk
þ
L 0
expðkÞ  1
ð3Þ

where J0 is the Bessel function of 0th order. The
longitudinal and transverse forces are obtained by
partial differentials of the potential. The integrals
in the forces are numerically calculated as func-

tions of s=L and r=L; and used in the program as
table values.
The momentum after every passage of electron
cooling (EC) is approximated as
pz -ð1  Zc Þpz ;
py -ð1  Zt Þpy

px -ð1  Zt Þpx ;
ð4Þ

where Zc and Zt are the longitudinal and the
transverse cooling strengths, respectively.

3. Simulations of ESR experiments
The simulation code is applied to two ESR
experiments [2,3].
First, one-dimensional crystallization experiment [2] is simulated. In the experiment, anomalous momentum spread reduction of the beam
was observed when the number of ions in the ring
was less than 103  104 ; depending on the ion
species and the cooling strength by EC. The typical
cooling rate is approximately 10–100 Hz for the
longitudinal direction and 1–10 Hz for the transverse direction [4], which correspond to
Zc E104  105 and Zt E105  106 ; respectively. Since a simulation run with these values
takes time (typically a few days with 833 MHz
Alpha CPU) to reach an equilibrium, larger Zc ; Zt
were used. Fig. 1 shows the result for the
360 MeV=nucleon 197 Au79þ case when Zc ¼ Zt ¼
104 : The phase transition from the random
distribution to the 1D chain can be seen.
Fig. 2 shows the simulated momentum spread sp
after 50,000 revolutions as a function of number of
stored ions N for various cooling strengths. The
phase transition is clearly observed. Below the
transition, the momentum spreads are lower than
the reality ðB107 Þ; since constant cooling
strengths are used. It is interesting that the
threshold ion number increases as the transverse
cooling rate decreases. This will be discussed in
Section 4.
Next, heating rate experiment in ESR [3] is
simulated.
In
the
experiment
with
390 MeV=nucleon 238 U92þ ; the electron current
was switched on and off for time interval of
6:8 s: They observed that the low-intensity ðN ¼
600Þ cold beam heats up with a delay of about 1 s:
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(a) N = 104. Above transition.

(b) N = 2 × 103. Below transition.

RMS Momentum Spread

Fig. 1. Simulated beam distributions for the ESR experiment. Zc ¼ Zt ¼ 104 : (a) N ¼ 104 : Above transition, (b) N ¼ 2
transition.
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Fig. 2. Simulated momentum spread as a function of number
of stored ions for various cooling strengths for
360 MeV=nucleon 197 Au79þ in ESR.

This means the heating rate of cold beam is smaller
than expected by the classical intra-beam scattering (IBS) theory [9,10].
The simulations are carried out with e ¼
0:1 pnm rad beam consisting of 10 particles. In
the simulation the cooling is always switched off.
The result is shown in Fig. 3. With the initial
momentum spread of Dp=pini ¼ 6 107 ; the
momentum spread suddenly increases after 1 s;
which shows the similarity to the experiment. The
symplectic integrator should be effective because

103 : Below

10-5
∆p/pini ≈ 1 × 10-6
∆p/pini ≈ 6 × 10-7
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Fig. 3. Simulation of the experiment [3]. The parameters are
238 92þ
U ; N ¼ 600; K ¼ 390 MeV=nucleon; e ¼ 0:1 pnm rad:
Initial rms momentum spreads are 1 106 ; 6 107 ; 3 107 :
Cooling is switched off.

the numerical error does not seem to build-up in 1
s for Dp=pini ¼ 3 107 case.

4. Conditions for obtaining 1D crystalline state
Hasse and Schiffer [11] deﬁned a dimensionless
linear density as
!1=3
3N 3 rion
lion ¼
ð5Þ
8p2 Q2 Cg50 b20
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where C and Q are the circumference and the
betatron tune, respectively, to classify the ordered
states (0olion o0:709: 1D chain, 0:709olion o0:964:
zig–zag,y). Transverse coherent tune of the mth
mode Qm ðm ¼ 0; 1; y; N  1Þ for the 1D crystalline
state is
N
Q2m
4l3ion X
1  cosð2pðQm þ mÞl=NÞ
¼
1

2
l3
Q
3 l¼1

ð6Þ

which is plotted in Fig. 4.
It can be seen that the coherent tunes decrease as
the line density increases. From the ﬁgure it can be
guessed that if the normalized density is above
0.709 (2D or 3D crystalline state region), the
coherent tunes are almost spread between 0 and
the bare tune. So, for making 2D or 3D crystalline
states, bare tune per super-periodicity should be
less than 0.25 in order to keep any coherent mode
away from fourth-order resonance. This is a hard
condition for lattice design. For obtaining 1D state
ðlion o0:709Þ; the condition is less severe. In this
case, linear density should be lower than a
threshold value where the smallest coherent tune
hit some resonance. By assuming that the coherent
tune shift should be less than 0.25, N should be
less than, for 360 MeV=nucleon 197 Au79þ in ESR
 2
1=3
4p QCg50 b20
Nsc ¼
¼ 3:9 106
ð7Þ
7zð3Þrion
where zð3Þ ¼ 1:2020569y; is the Riemann zeta
function of 3. This condition does not give strict
limitation to the lattice structure.
In the ESR case lion ¼ 1:1 103 when N ¼
4
10 ; which means that the phase transition occurs
in the 1D chain region. In this case, the phase

transition is determined by the balance of the EC
and the heating by IBS. According to a simpliﬁed
classical IBS theory [12], the longitudinal heating
rate
pﬃﬃﬃ 2
prion cNðlogÞ
1
E
p e3=2 s2
ð8Þ
p
3=4
1=4 % 1=4
3
2b
Tp 8g ex e3=4
%
Cs
b
y
y
p x
0
where (log) is the Coulomb log factor, increases as
the momentum spread decreases. But when the
momentum spread becomes low enough, the ion
motion in the particle rest frame is restricted to
small harmonic vibrations around an ordered
arrangement. In this case, the IBS heating rate
should be nearly zero [13].
Two phases can be distinguished by the reﬂection condition [14,15] that colliding two ions do
not cross each other longitudinally. This condition
can be roughly obtained from Eq. (1). When the
two particles are colliding, the Hamiltonian of the
relative longitudinal motion of them will be
approximated as
HE

p2z
2rion
1
þ 2 2 qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
2g0 g0 b0 2s2 þ g2 z2
>

ð9Þ

0

where s> is the transverse beam size. The ﬁrst and
second terms on the right-hand side correspond to
the kinetic and potential energies, respectively.
Before the collision, two particles are separated
withpzEC=N;
and the momentum difference is
ﬃﬃﬃ
pz E 2sp : Then they start to collide. But, if the
potential energy at zE0 is large enough, they
cannot cross each other. This condition gives the
following relation
2
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Fig. 4. Transverse coherent tune as a function of linear density.

ð10Þ

which is similar to G2 condition in Ref. [15]. In this
region, where the particles do not cross each other,
the IBS heating rate should be smaller than the
classical theory.
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During a cooling process, the ion beam distribution is going to transfer from the classical IBS
region to the no-crossing region. From Eq. (10),
the boundary of the two regions is sp p e1=4 ; if
g0 C=Nbs> : Substituting this into Eq. (8), we
obtain Tp1 p e1 : This means that the high e at the
boundary may be more preferable. As a result, for
a given longitudinal cooling rate, sometimes lower
transverse cooling rate makes easier 1D crystallization. This is qualitatively consistent with the
simulation results shown in Fig. 2.
In the 1D crystalline state the horizontal
betatron oscillation modulates the longitudinal
ion motion, and makes the momentum spread.
From Eq. (1), the equations of longitudinal motion is written roughly as
dz pz
E 
ds g20

pﬃﬃﬃ


2s>
2pQs
sin
C
r

(
)
dpz rion
1
1
E

ds g30 b20 ðC=N þ zÞ2
ðC=N  zÞ2
E

4N 3 rion
z:
g30 b20 C 3

ð11Þ

The second term of the ﬁrst equation drives the
momentum spread. Consequently, the region
sp o

2N 3 rion s>
pQ2 g30 b20 C 2

ð12Þ

is prohibited as a crystalline state. This phenomenon can be seen qualitatively in the simulations in
Ref. [16].
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5. Conclusion
A molecular dynamics simulation code using a
second-order symplectic integral is developed. This
code is applied to ESR experiments for 1D
crystalline state, and the simulations reproduce
the experiments quantitatively well. The theoretical maximum number of stored ions in 1D state is
determined by the coherent tune shift. But the
actual number is much smaller than the theory
because of the low cooling rate. In some cases, the
lower transverse cooling rate gives larger threshold.
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